In this paper, a stress-strain model for concrete confined by fiber reinforced polymer (FRP) composites is developed. The model is based on the results of a comprehensive experimental program including large-scale circular, square and rectangular short columns confined by carbon/epoxy and E-glass/epoxy jackets providing a wide range of confinement ratios. Ultimate stress, rupture strain, jacket parameters, and cross-sectional geometry were found to be significant factors affecting the stress-strain behavior of FRP-confined concrete. Such parameters were analyzed statistically based on the experimental data, and equations to theoretically predict these parameters are presented. Experimental results from this study were compared to the proposed semi-empirical model as well as others from the literature.
Introduction
The need for strengthening deficient existing reinforced concrete (RC) columns is triggered by many reasons. For years, engineers have been studying ways to retrofit or strengthen existing deficient RC columns to meet new code requirements, especially in earthquake prone areas. The use of fiber reinforced polymers (FRP) jackets as an external mean to strengthen existing RC columns has emerged in recent years with very promising results [1, 3, 4, 7, 8] . Especially for circular columns, such technique has proved to be very effective in enhancing their ductility and axial load capacity [2, 12, 25] . Recently many studies have been conducted to evaluate the ultimate strength and strain enhancement of FRP-confined concrete [14, 15, 21, 22, 26, 28, [31] [32] [33] . This field; however, remains in its infancy stages and more studies are needed to explore its capabilities, limitations, and design applicability. Many researchers and design engineers are still using steel-confined concrete models in predicting the behavior and design of FRP strengthened columns [19] . This is caused by the fact that a general FRP-confined concrete model is yet to be adopted by industry codes. As expected, studies have shown that FRP-confined concrete behaves differently from steel-confined concrete [20] . As a result, several FRP-confinement models have been developed to fill the gap and to better understand the behavior of the FRP jackets [9, 11, 16, 27, 29] . The majority, if not all, of such models have been developed from experimental data produced by testing small concrete specimens wrapped with FRP jackets. The most popular specimen size used is the conventional 152 mm · 305 mm (6 in. · 12 in.) standard concrete cylinders, and some researchers even used 76 mm · 305 mm (3 in. · 12 in.) [30] . Consequently models were developed based on limited test database, and therefore, its applicability is unclear, especially with regard to a wide range of confinement ratios.
This paper presents a new general confinement model developed by the authors for FRP-confined concrete, based on testing large-scale axially loaded specimens with a wide range of confinement ratios [36, 37] . This model is applicable to circular as well as rectangular concrete columns retrofitted by FRP jackets. The model predicts the ultimate strength, ultimate stain, and depicts the entire stress-strain diagram for FRP-confined concrete specimens.
Experimental program

Test specimen
A total of 87 large unreinforced specimens were tested under pure axial load. In addition a total of 30-152 mm · 305 mm (6 in. · 12 in.) concrete cylinders were tested. Table  1 shows the test program conducted in this study.
Both carbon/epoxy and E-glass/epoxy jackets were used to confine the column specimens. Table 2 presents the complete material properties used in the study. The FRP laminates were applied directly to the pretreated surfaces of the specimens providing unidirectional lateral confinement in the hoop direction. An overlap of 152 mm (6-in.) was used to ensure the development of full composite tensile strength. Ready-mix concrete with nominal 28-day strength of 27.58 MPa (4000 psi) to 34.47 MPa (5000 psi) was used.
All specimens were instrumented with strain gages bonded to both the concrete surfaces and external laminates, at two perpendicular directions. The strain gages were placed at mid-height of the specimen. Two linear variable differential transducers (LVDT) per specimen were used, 180 degrees apart, to capture the vertical displacements over the middle half of the specimens. For the 152 mm · 305 mm (6 in. · 12 in.) cylinders, both ends of all cylinders were capped using sulfur capping to insure parallel surfaces and to distribute the load uniformly in order to reduce load eccentricity.
Testing machine
The 31,000 kN (7-million pound) compression machine used to crush the specimens is a 4-post up-acting hydraulic press. The bottom cylinder is designed to swivel in order to minimize eccentricity. This 4.88 m (16 ft) high machine, shown in Fig. 1 , is very unique in terms of its very large loading capacity; 173 cm (68 in.) open daylight; 94 cm (37 in.) diameter main cylinder, and an over all weight of 50,000 kg (110,000 lbs) [34] [35] [36] .
Mechanics of confinement
Under low level of longitudinal strain, the concrete is known to behave elastically and the transverse strain is related proportionally to the longitudinal strain by the Poisson's ratio. As the load increases, cracks start to form leading to a large increase in the transverse strain.
Assuming deformation compatibility, the lateral strain of the confined specimens is equal to the strain in the FRP jacket. The tendency of concrete to dilate after cracking and the radial stiffness of the confining jacket to restrain the concrete dilation, are considered to be two important factors affecting the concrete confinement.
By wrapping the concrete with an external continuous FRP jacket, the fibers in the hoop direction resist the transverse expansion of the concrete providing a confining pressure. At low levels of longitudinal stress; however, the transverse strains are so low that the FRP jacket induces little confinement, if any. At higher longitudinal stress levels, the dramatic increase in transverse tensile strains activates the FRP jacket and the confining pressure becomes The lateral confining stress (f lu ) is produced in confined concrete when the member is loaded such that the concrete starts to dilate and expands laterally. The value of such stress depends on the cross-section geometry of the confined member and the amount and mechanical properties of confining materials provided. For example, when confining a circular member, the FRP jacket provides a uniform confining stress around the parameter resulting in a great improvement in member's behavior under loading. On the other hand, confining square or rectangular members tends to produce confining stress concentrated around the corners of such members, as shown in Fig. 2 . In fact, all of the square and rectangular columns tested in this study failed by the rupture of the FRP jacket that started at one of the corners.
Effective lateral confining stress f 0 lu
To study and quantify the behavior of concrete members confined by FRP jacket, the amount of confining pressure (stress) provided by the jacket should be determined. Such confining pressure is a function of the column's cross-section, the stiffness of the FRP jacket, and the transverse expansion of the loaded concrete. To calculate the lateral confining stress, f lu , applied to the concrete by confinement, a free-body diagram of a circular crosssection confined with an FRP jacket is considered as shown in Fig. 3 .
Based on static analysis, equilibrium of forces, deformation compatibility, and by considering 1 ft (0.30 m) section along the column height, the following expression can be written:
Introducing q j as the confinement ratio, which is defined as the jacket volume divided by the concrete volume, i.e.,
Substitute in Eq.
(1), we have
The effective lateral confining stress at ultimate condition of the FRP jacket is defined as where k e is the confinement effectiveness coefficient. For circular columns, k e = 1.0. Similarly, for rectangular sections, it can be shown that
Unlike the circular section, however, the confinement effectiveness coefficient for rectangular section is less than unity (i.e. k e is less than one). The values of k e are calculated using the expression proposed by Restrepo and DeVino [23] . For rectangular and square columns,
where b and h are the width and depth of the cross-section, respectively; r c is the corner radius of the column; q l is the longitudinal reinforcement ratio of the section =
As bh
, where A s is the area of the longitudinal steel.
Development of general FRP confinement model
In order to develop a theoretical stress-strain model for concrete confined by FRP jacket, the experimental results in the form of axial stress versus axial strain must be produced and analyzed carefully. As expected, the stress-strain diagram of the tested specimen indicates three different stages are encountered throughout the testing scheme. The three stages are:
Stage 1: During this stage, the initial portion of the stressstrain response of confined concrete follows the path of unconfined concrete. Therefore, the slope 
The proposed model was, therefore, developed based on this value of E c . Stage 2: After exceeding the unconfined strength of concrete, the stress-strain curve starts to soften forming a transition zone within which cracks in the concrete starts to expand and the concrete start to dilate and bear against the jacket activating it. Stage 3: The FRP jacket at this stage is fully activated and the confining stress provided by the jacket continues to increase proportional to the applied load until failure. Within this stage, the experimental results indicate that the curve exhibits a linear behavior up to the rupture of the jacket. This fact was also reported by other researchers [6, 27, 26] . This portion of the curve; however, was observed to be either ascending or descending, depending of the cross-sectional geometry of the column and the amount of FRP confinement provided.
Based on these observations, the general stress-strain curve shown in Fig. 4 will be used in the modeling process for FRP-confined concrete.
The ascending curve would represent situations where the slope of the curve, E 2 , in the third zone is positive. This would be the case of columns with moderate to high confinement ratios which also depends on the geometry of the cross-section. Circular columns, for instance, with moderate confinement ratio usually have an ascending stress-strain curve.
The descending curve represents low confinement for circular cross-sections and low to moderate confinement for rectangular sections. The fact that the intent is to develop a general confinement model for FRP-confined concrete, both ascending and descending cases are carefully addressed in this study. The essential points along the stress-strain curve of interest are:
Point A: The beginning point before the load is applied where the axial stress and axial strain are zero. Point B: Represents the end of stage 2 where the jacket is getting fully activated under the effect of tensile stresses due to concrete dilation. From this point on, the stress provided by the jacket will continue to increase until jacket rupture. This point will be represented by e t and f t as x and y coordinates, respectively. Point C: Point C represents the ultimate condition where the jacket fails at an ultimate axial stress f will be defined as the ultimate strength of FRPconfined concrete, and e cu as the ultimate confined concrete compressive strain.
In the analysis, the stress-strain curve is divided into two regions, 0 6 e c 6 e t , and e t 6 e c 6 e cu . In the first region, the experimental data, for both circular and rectangular columns, trace that of unconfined concrete path. In the second region; however, the curve for circular sections with moderate confinement level was linear with a positive (ascending) slope. The second portion of the curve, in most cases of rectangular and square columns, maintained a negative (descending) slope for most of the confinement ratios used. Even circular columns with low confinement ratio exhibit a descending behavior. In order to develop a unified model, both cases, E 2 > 0, and E 2 < 0 are considered.
In order to describe the analytical proposed curve, several parameters were defined and established. The most important parameters are the ultimate strength of FRPconfined concrete, f 0 cu , and the ultimate confined concrete compressive strain, e cu . Other parameters needed are f t and e t , which are the axial stress and axial strain at the transition boundary point at the end of stage 2 and the beginning of stage 3, respectively.
Using a similar approach used by Hoshikuma et al. [10] to develop a confinement model for concrete confined by transverse steel, it is proposed that the concrete stress in region 1 (0 6 e c 6 e t ) be modeled by the following polynomial function:
where C 1 , C 2 , C 3 , and n are constants to be determined from the following boundary conditions. First region where 0 6 e c 6 e t , and E 2 > 0,
df c /de c = E c @ e c = 0, (3) df c /de c = E 2 @ e c = e t , (4) f c = f t @ e c = e t .
Now, substituting the four boundary conditions in Eq. (9) one obtains
First region where 0 6 e c 6 e t , and E 2 < 0, When E 2 < 0, the third boundary condition above is changed to reflect the fact that, from experimental observation, a tangent to the curve at (e t , f t ) is a horizontal straight line.
Substituting the four boundary conditions, with the revised third condition (Eq. (12)) into Eq. (9), one obtains
Second region where e t 6 e c 6 e cu . Applicable to both ascending and descending cases, the stress-strain diagram is modeled as a straight line between two points described as
where a and b are constants determined from the following boundary conditions:
Substituting the two boundary conditions in Eq. (15), one obtains
Evaluation of model parameters
In the proposed model, the following control parameters are of interest: (i) the ultimate strength of FRP-confined concrete, f 0 cu ; (ii) the ultimate concrete compressive strain, e cu ; (iii) the axial stress at the boundary point between the first and second region, f t ; (iv) the axial strain that corresponding to f t , e t ; (v) and slope of the stress-strain curve within the second region, E 2 .
The effect of confinement provided by the external jacket is determined using regression analysis of the experimental data produced from this study, as well as data from other researchers [5, 11, 13] . Although the literature contains many experimental data on the subject of FRPconfined concrete, the majority of the data is obtained from standard 152 mm · 305 mm (6 in. · 12 in.) cylinders tests. In this modeling task, large and small specimens are considered to cover a larger range of sizes and confinement ratios.
The main parameters that are likely to influence the confinement effect produced by an external FRP jacket are the following: (i) volumetric ratio of FRP jacket, q j ; (ii) tensile strength of FRP jacket, f ju ; (iii) tensile modulus of elasticity of FRP jacket in the hoop direction, E j ; (iv) ultimate tensile strain of FRP jacket, e ju ; (v) compressive strength of unconfined concrete, f 0 c ; (vi) cross-section of the concrete specimen and its dimensions.
Ultimate strength of FRP-confined concrete, f 0 cu
This parameter is one of the two most important parameters of a stress-strain model for confined concrete. The ultimate strength is the stress reached by the confined concrete just before failure. For retrofitted circular columns, the ultimate stress, for moderate to high confinement ratios, is always higher than the unconfined concrete stress, and the stress-strain curve is almost always ascending. The increase in the ultimate stress is due to the uniform confinement around a circular cross-section provided by the external jacket. For square and rectangular specimens, on the other hand, the stress-strain curve is mostly descending except in cases where the confinement ratio is very high. Even then, the curve is only slightly ascending. All of these statements were observed in the experimental phase of this study, and were considered in the model development.
A formula relating the ultimate strength of FRP-confined concrete to parameters that would impact its value is usually referred to as a ''Strength Model''. Such formula usually represents a linear relationship between the confinement effectiveness factor, 
where k 1 is the effectiveness coefficient described earlier.
Using regression analysis, the confinement effectiveness factor,
, and the confinement ratio,
, were related for circular and rectangular specimens using linear relationship as shown in Figs. 5 and 6 .
The following strength model is proposed, depending on the geometry of the cross-section: 
The correlation coefficient for the circular sections is 93%, using 63 data points, and that for the rectangular sections is 94% using 38 data points.
Ultimate concrete compressive strain, e cu
The ultimate concrete compressive strain is considered also to be a very important parameter of the stress-strain curve of confined concrete. In order to calculate the available ultimate rotation capacity at a plastic hinge in a reinforced concrete flexural member, it is necessary to be able to predict the ultimate concrete compressive strain e cu .
Similar to strength models, the formula for determining the ultimate concrete compressive strain is some time referred to as a ''Strain Model''. The effective confining stress, f 0 lu , a function of specimen's cross-section and jacket characteristics, as well as the mechanical properties of the jacket, will be used in the regression analysis to determine e cu . Figs. 7 and 8 show the confinement effectiveness factor 
For rectangular sections 0:004325 þ 0:2625
The correlation coefficient for the circular sections is 94%, using 63 data points, and that for the rectangular sections is 96% using 38 data points.
Axial stress, f t
Another parameter needed for predicting the entire stress-strain diagram is the axial stress at the boundary point between the first and second regions, f t . Although f 0 cu and e cu are considered to be the most important parameters of confined concrete, the ability to predict the entire Fig. 5 . Relation between confinement effectiveness and ultimate stress for circular columns.
stress-strain curve is also important to be able to plot a load-displacement curve or a moment-interaction diagram for confined member.
The location of f t along the stress-strain curve is a function of the concrete strength, f 0 c , which has a significant impact as the concrete starts to dilate and therefore bears against the jacket. Other important terms that would impact the value of f t is the stress in the jacket at that point and the amount of jacket used, and the geometry of the cross-section. The stress in the jacket, f jt , is equal to e jt E j . The portion of the jacket used and the cross-section of the column are represented by the volumetric ratio of FRP jacket, q j . No other apparent factors were shown to affect the location of f t . The correlation coefficient for the circular sections is 87%, using 50 data points, and is 90% using 38 data points for the rectangular sections.
Regression analysis is then performed between
q j E j e jt f 0 c 5 4 8 > > > > > > < > > > > > > :ð20Þ
Axial strain, e t
The last parameter to be determined by regression analysis of the experimental data is the axial strain e t corresponding to the axial stress f t .
This axial strain acts along the stress-strain curve located at the boundary between region 1 and region 2. After deciding the regression terms for f t , i.e. 
For rectangular sections 0:002 þ 0:0775
The correlation coefficient for the circular sections is 85%, using 50 data points, and is 88% using 38 data points for the rectangular sections. Tables 3 and 4 show the equations for the model parameters, with correlation coefficients and number of observations for circular and rectangular sections. 
Slope of second branch, E 2
In this analysis, the portion of the stress-strain curve in region 2 was modeled as a straight line between the points (e t , f t ) and ðf 0 cu ; e cu Þ as follows:
5. Performance analysis of proposed model
Model parameters
The four parameters of the proposed model ðf 0 cu ; e cu ; f t ; e t Þ were analyzed, experimental versus theoretical values, to determine their correlation. The comparison was performed using the normalized effective lateral confining stress at ultimate conditions, f Fig. 13 shows the experimental stress-strain curves for the circular columns confined with carbon/epoxy jacket compared with the theoretical stress-strain curve from the proposed model. As shown, excellent correlation is achieved in predicting the actual performance of the large-scale circular columns with FRP jackets.
The proposed model versus experimental results
Comparison between proposed versus existing models
The performance of the proposed model versus other models available in the literature is compared to the experimental data. In order to show the effectiveness of the proposed model, the stress-strain relations predicted by previous models were computed for selected test specimens and compared with the experimental results. The comparison is performed based on the entire stress-strain curve as well as for the actual values of the ultimate strength of FRP-confined concrete, f 0 cu , and the ultimate concrete compressive strain, e cu .
Circular specimens
A total of five existing concrete confinement models were studied and compared to the proposed model. Those models are in [9, 11, 17, 19, 27] . Table 4 Equations and correlation coefficients for rectangular sections Fig. 14 compares the theoretical stress-strain curves generated from the five published models with the experimental curve, for selected specimen, produced from the study. As shown in this figure, Mander's model [18, 19] seems to always overestimate the confined concrete stress, f 0 cu , where as its ultimate confined concrete strain, e cu , prediction varies depending upon the confinement ratio used.
It should be noted that the theoretical curves of both the Hoppel [9] and Samaan [27] models were omitted from the presented stress-strain curves. The reason behind this omission is that these two models, in certain cases, predicted curves that were not close to the experimental values. These models, however, are shown on the bar charts of the specimens for comparison. Model comparisons are presented in Figs. 14 and 15 . Fig. 14 indicates that the proposed model best predicts the experimental results as compared to other models.
Rectangular specimens
Due to the limited available confinement models that are applicable to square and rectangular columns, only two existing concrete confinement models were evaluated and compared to the proposed model. These models are (i) Hosotani's model [11] , and (ii) Mander's model [18, 19] .
Figs. 16 and 17 compare the entire theoretical stressstrain curves from the two published models and compare these two models with the experimental curves, for selected specimens, produced from the study. Similar to circular columns, Mander's model appears to always overestimate the confined concrete stress, f 0 cu . In addition, the estimation of the ultimate confined concrete ultimate strain, e cu , using this model varies depending on the confinement ratio of the specimen under consideration.
Conclusions
A general unified FRP-confined concrete model is proposed. The proposed model was verified using both the experimental results generated from this study as well as other previously published data. The results of this study indicated that this model can effectively predict the behavior of both circular as well as rectangular columns. The majority of the experimental data used in developing this semi-empirical model were generated from large-scale specimens under axial load.
Based on the results of the analytical procedures developed in this study, the following conclusions are made:
1. The stress-strain curve for concrete confined by FRP composites behaves bilinearly. The first portion of the stress-strain curve traces that of unconfined concrete until the jacket start to get activated. At this point, the curve became either ascend or descend, depending on the geometry of the cross-section and the confinement ratio provided. 2. Mander's model [18, 19] , was found, in most cases, to overestimate the concrete ultimate confined strength, regardless to the confinement ratio. On the other hand, results indicated that the variation of the predicted ultimate strain using Mander's model depends largely on the confinement ratio. 3. In most of the cases, Samaan's model [27] overestimated the ultimate concrete strain. 4. It was observed that although the Lam and Teng model [17] predicted the ascending portion of the stress-strain curve of confined concrete for certain confinement ratios, it did not do well in tracing the initial portion of the stress-strain curve. Also, the concrete modulus of elasticity recommended by the Lam and Teng model does not correlate well with the experimental results of this study and others. 5. Some of the confinement models evaluated in this study were effective within certain range of confinement ratios, and not within others. The proposed model was successful in covering a wide range of confinement ratios which was possible to generate by testing large-scale columns as opposed to the majority of the published tests that were conducted on standard 152 mm · 305 mm (6 in. · 12 in.) standard cylinders. As a result, a great correlation is achieved for all tested specimens. 6. The proposed unified confinement model generated from this study proved to be a very effective prediction tool as compared to experimental data, whereas other models either overestimated or under estimated both the ultimate stress and ultimate strain values. The proposed model was found also very effective in predicting the entire stress-strain diagram of the tested specimens.
